Microdomains of calcium (i.e., areas on the nanometer scale that have qualitatively different calcium concentrations from that in the bulk cytosol) are known to be important in many situations. In cardiac cells, for instance, a calcium microdomain between the L-type channels and the ryanodine receptors, the so-called diadic cleft, is where the majority of the control of calcium release occurs. In other cell types that exhibit calcium oscillations and waves, the importance of microdomains in the vicinity of clusters of inositol trisphosphate receptors, or between the endoplasmic reticulum (ER) and other internal organelles or the plasma membrane, is clear.
Introduction
The concentration of free intracellular calcium is an important control variable in every type of cell. In many cells, such as secretory epithelial cells, hepatocytes, or smooth muscle cells, the concentration of calcium oscillates, often taking the form of periodic intracellular and intercellular waves, with a period of anywhere from a few seconds to a few minutes. In other cell types such as skeletal and cardiac muscle, a simple rise and fall of calcium concentration is the signal that initiates contraction.
In non-excitable cells, the rise in calcium concentration is caused by the release of calcium from an internal compartment, the endoplasmic reticulum (ER), and thus the oscillations can occur (at least for a time) in the absence of external calcium. In cardiac cells, an initial influx of calcium through L-type channels is the signal that causes the release of more calcium from the sarcoplasmic reticulum (SR) .
There are a large number of quantitative models of such oscillations and transients (Rice et al., 1999; Snyder et al., 2000; Cannell, 1997, 2004) . Until now, these models have always been one of two basic types. Homogenised models: In these models, the cytoplasm and the SR are assumed to coexist at every point in space. Thus, if we let c denote the concentration of calcium in the cytoplasm, and c s denote the concentration of calcium in the SR, we would have cðx; tÞ and c s ðx; tÞ defined at each point in space, x. This gives rise to a system of differential equations qc qt ¼D c r 2 c þ J other À J SR ,
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where D c and D s are effective diffusion coefficients, J SR denotes all the calcium fluxes to and from the SR, and J other denotes all the other calcium fluxes, either to and from calcium buffers, across the plasma membrane, or to and from other internal organelles. Because these fluxes have units of concentration/time, and because the volume of the SR is different from the volume of the cytoplasm, this formulation requires the term g, which is the ratio of cytoplasmic to SR volume. Separated models: In this other class of models, the cytoplasm and the SR are treated as separate domains, connected by common boundary fluxes. Thus, for instance, if O c denotes the cytoplasm, O s denotes the SR, and qO denotes their common boundary, we would have
where J SR is now a boundary flux, with units of moles per unit area per unit time, and D c and D s are actual diffusion coefficients, not effective ones. Separated models are necessary for modelling microdomains, as in such areas the localised calcium fluxes can lead to large local calcium concentrations. However, at the level of the entire cell, only homogenised models are realistic. A separated model for the entire cell requires a huge investment in computing time and model construction, for uncertain benefit.
Nevertheless, calcium in microdomains can have a crucial effect on the calcium concentration in the rest of the cell. In some cells, such as the cardiac cell, the majority of the control of calcium release happens in the microdomain of the diadic cleft, although the contractile proteins can only respond to the macroscopic, cytoplasmic concentrations. In neurons, calcium signalling in microdomains as well as on a larger scale is important for controlling neurotransmitter release (Augustine et al., 2003) . In order to study such phenomena, it is necessary to incorporate both the microdomain and the cytoplasm in a single unified model.
Here we show how such a model can be constructed, using, as a particular example, the half-sarcomere of a cardiac cell. We first present a brief description of the method, followed by a more detailed presentation of the specific half-sarcomere model.
Another of the aims of this project is to use our model of the calcium dynamics in the half sarcomere to help refine compartmental models, which divide the domain into well mixed compartments which contain no spatial gradients (see, for instance, Shannon et al., 2004) . Typically there will be compartments for the SR, the diadic cleft, the subsarcolemmal space (the region immediately below the SL membrane) and the cytosol. Our model, which includes spatial gradients, can be used to determine if the assumption of no spatial gradients within compartments is justifiable and how the subsarcolemmal space, which is a non-physical compartment, should be modelled. We also reduce the half-sarcomere model presented here into a compartmental model to determine the effect of the loss of spatial information on the model results.
We have also investigated the effect of including a buffering SR/ER calcium ATPase (SERCA) pump. When the SERCA pump transports calcium ions from the cytosol to the SR, the ions are first bound to pump proteins on the cytosolic side of the membrane. The protein undergoes a change in conformation which is powered by the energy released from the conversion of adenosine triphosphate (ATP) to adenosine diphosphate (ADP) and the calcium ions are then released on the SR side of the membrane. While the calcium ions are bound to the pump protein they do not contribute to the calcium concentration inside the cytosol or to the calcium concentration inside the SR, so the calcium is being buffered by the SERCA pump. This buffering effect may be significant, as there is a large amount of pump protein present (Bers, 2001 , estimates 15-75 mmol=L Cyt in a cardiac ventricular cell).
Coupling the microdomain to the cytoplasm

Homogenisation
The homogenisation technique used here is described in detail by Goel et al. (2006) . Briefly, we assume the SR in the homogenised region forms a periodic network, where the periodic unit is as given in Fig. 1 . This shows an outer cube containing the inner SR network, which has a square cross section. The SR need not have a square cross-section, but can be of any shape, so long as it is periodic in each direction. Since g, the ratio of cytosolic volume to SR volume, is 18.57 here, this determines the value of k in Fig. 1 as 0.1369. Letting the period of the network tend to zero results in the homogenised equations.
If we ignore the effect of buffering, before homogenisation, the equations for calcium diffusion have the form qc qt ¼ r Á ðD c rcÞ in the cytosol,
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with boundary conditions
The functions g 1 and g 2 model the various pumps and exchangers that allow for calcium transport between the compartments, or into or out of the cell and have units of moles per area per time. D c and D s are diagonal matrices of diffusion coefficients. Letting the period of the network tend to zero, and taking the equations to lowest order in , then gives
Here b is the surface area of the SR in one periodic unit after that unit has been scaled to have unit volume, g c is the fraction of a periodic unit that is occupied by the cytosol and g s is the fraction occupied by the SR. The effective diffusion coefficients,D c andD s are given bỹ
where
where O c is the region in one periodic unit that is occupied by the cytosol and O s is the region occupied by the SR. The variable y ¼ x= is the small space scale and satisfies 0py i p1 where y ¼ ðy 1 ; y 2 ; y 3 Þ. X c satisfies
ðr y X c þ IÞ Á n y ¼ 0 for y on the SR membrane, and is periodic in y. X s satisfies analogous conditions. Plots of the effective diffusion coefficients for a selection of SR geometries can be found in Goel et al. (2006) . Similar expressions for the effective diffusion coefficients have been used by Blum et al. (1989) , El-Kareh et al. (1993) , and Chen and Nicholson (2000) . Blum et al. (1989) used a different method to derive this expression in the case where the diffusion coefficient is constant, while the work of Chen and Nicholson (2000) and El-Kareh et al. (1993) is based on the homogenisation methods developed by Bensoussan et al. (1978) , as is our derivation.
Connecting homogenised and separated regions
Once the effective diffusion coefficients are derived, it turns out that the boundary condition between the homogenised and separated regions can be written in a natural way. Suppose we have a region as shown in Fig. 2 , where one subregion, A, is homogenised, while another subregion, B, is separated into SR ðO s Þ and cytoplasm ðO c Þ.
Between the domains we require boundary conditions that ensure conservation of calcium. If we let c 1 and c 2 denote the calcium concentrations in the homogenised and separated regions, respectively, then, on qO c , this condition is
where n is the unit normal on the boundary. This boundary condition is easy to understand. It merely says that the flux out of one region has to equal the flux into the other region, where the fluxes have to be calculated using the appropriate effective diffusion coefficient derived from the homogenisation. Since the SR in the homogenised and separated regions is not connected along qO c , the correct boundary condition there is rc s Á n ¼ 0 for the homogenised region.
Similarly, on qO e we have D s rc s;2 Á n ¼D s rc s;1 Á n and rc Á n ¼ 0.
Model of the cardiac half-sarcomere
We now illustrate our general method with a simple model of the half-sarcomere. This model, quite deliberately, does not include all the myriad complications that have been used in previous models of calcium control in cardiac cells (Jafri et al., 1998; Puglisi and Bers, 2001; Shannon et al., 2004) . Instead, we include only those essential elements necessary to illustrate our method. Nevertheless, despite its simplicity the model illustrates some important features of calcium movement through the cell, from microdomain to cytoplasm.
ARTICLE IN PRESS
ε kε l Fig. 1 . In the homogenised region we assume the structure is given by this periodic unit. The inner network, which has a square cross section, represents the SR, and the remaining space between the SR and the outer cube represents the cytosol. is the period of the SR network divided by the assumed length of the homogenised region, and so is dimensionless. The rise and fall of calcium concentration in cardiac myocytes plays a vital role in excitation-contraction coupling (ECC), which is the process by which electrical excitation of myocytes results in the contraction of the heart. ECC is initiated by depolarisation of the SL membrane (see Fig. 3 ). The depolarisation activates L-type calcium channels in the membrane, which allow calcium to enter the cytosol. Alone, the calcium that enters via the L-type channels does not raise the cytosolic calcium concentration enough to result in contraction. Instead, it activates the ryanodine receptors (RyR) on the membrane of the SR, which release a larger amount of calcium from the SR, a process called calcium-induced calcium release (CICR). The SR is a reticulated compartment within the cytosol and serves mainly as a calcium store. The RyR are located on the terminal cisternae (where the SR approaches the SL membrane) and are closely apposed to the L-type channels. The small (about 15 nm) gap between the RyR and the SL membrane is referred to as the diadic cleft, and it is here that CICR takes place.
Following the release of calcium from the SR, the calcium diffuses out of the cleft, and into the rest of the cytosol, where it binds to the myofilaments and initiates contraction. Calcium is also bound to large proteins (buffers), which slow diffusion and limit the amount of calcium which is free to bind to the myofilaments. To return to its resting state, the cell must now extract the added calcium. The major pathways by which calcium is extracted are the SERCA pump, the sodium-calcium exchanger (NCX) and the SL calcium pump. The SERCA pump uses the chemical energy produced from the conversion of ATP into ADP to transport calcium ions across the membrane from the cytosol to the SR, against a concentration gradient. The NCX and SL calcium pump, which are located in the SL membrane, transport calcium into the extracellular space. There is also a background flux of calcium from the extracellular space into the cytosol, and this balances the calcium efflux at rest.
Model geometry
The geometry used in the model is shown in Fig. 4 . Near the SL membrane the SR and cytosol are two distinct compartments; we refer to this as the non-homogenised region. In the lower region both cytosolic calcium and SR calcium exist at all points in space; we refer to this as the homogenised region. Calculations are performed in cylindrical coordinates on the plane shown in Fig. 4B , and rotational symmetry is used to form the solution in the three-dimensional geometry shown in Fig. 4A . Note that as we use rotational symmetry, the L-type channels and RyR are shaped like rings. This is inaccurate, but to break the rotational symmetry would greatly increase the complexity of the model and the computation time required. Construction of a fully three-dimensional model which does not rely on rotational symmetry is in progress.
Model equations
Let c be the concentration of calcium in the cytosol (with units of mmoles per liter cytosol, which we shall write as mmol=L Cyt), and c s be the concentration of calcium in the SR (with units of mmoles per liter SR, which we shall write as mmol=L SR). Note that for all our concentrations and fluxes we must be careful to specify the appropriate region in our units. Let b cyt be the concentration of cytosolic buffer and b SR be the concentration of SR buffer.
To present the model equations we discuss in turn each of the regions and boundaries labelled in Fig. 4B . Detailed expressions for the various pump and exchanger fluxes are derived in Appendix A. The model equations were solved using COMSOL Multiphysics (http://www.comsol.com), which solves such problems using a finite element method.
Region I
In this region we have a homogenised model in which each point represents both calcium in the SR and calcium in the cytosol. There is no release of calcium from the SR into the cytosol, only pumping by the SERCA pump, which pumps calcium from the cytosol into the SR. Calcium diffuses with a constant diffusion coefficient and binds to buffers. Thus, Fig. 3 . Calcium transport in a half-sarcomere: Calcium enters through the L-type channels, stimulating release from the RyR. Some of the calcium in the cytosol and SR is bound to calcium buffers. The increase in calcium concentration in the cytosol allows calcium to bind to the myofilaments, which activates contraction. Calcium is removed from the cytosol by the SERCA pump, SL calcium pump and the NCX. D c andD s are the effective diffusion coefficients of calcium in the cytoplasm and SR, respectively, and are derived by the process of homogenisation as described above. The values of the effective diffusion coefficients depend on the assumed geometry of the SR, and they can be non-isotropic if the SR is assumed to have a nonsymmetrical periodic structure.
The factor g, which is the ratio of the cytosolic to the SR volumes, incorporates the fact that a flux out of the cytosol (in units of moles per liter cytosol per second) must be multiplied by g in order to get the correct SR units of moles per liter SR per second.
The total amounts of buffer in the cytosol and SR are denoted by B c and B SR , respectively. Note that although there may be multiple buffers in the cytosol and SR, we have used a single buffer in each, to represent the effect of all the buffers. This simplifies the model, and reduces the amount of computation that needs to be performed in computing buffering dynamics. In the case where the buffering SERCA pump is used, the equations in this region need to be modified, as described in Appendix A.
Region II
Region II is only cytosol (not homogenised with the SR) and so the only reaction terms are those due to buffering. The only influx and efflux terms occur at the boundaries which are treated separately below. Thus,
Region III
Similarly, region III is only SR (not homogenised with the cytosol) and so the only reaction terms are again those due to buffering:
Boundary a
This boundary consists of two line segments, each 0:83 nm long. The line segments begin 0.0333 and 0:0975 mm from the left edge in Fig. 4B . At this boundary we include a calcium influx through the L-type calcium channels. This is assumed to be a given input obtained from experimental measurement (shown in Fig. 17 which was obtained from Puglisi and Bers, 2001) , and is assumed to occur only at specified locations. Note that we do not model the cell membrane potential in detail by considering all the constitutive ionic currents, but instead assume that the membrane potential is also just a given function of time (Fig. 19) . Thus, our model is limited by the fact that we are unable to model feedback from the calcium concentration to the membrane potential. However, this lets us focus more directly on our major interest, the interaction of the calcium dynamics in the microdomain and the cytoplasm, independently of any secondary effects on membrane potential. The specified L-type current is J LÀtype , and thus at each of the two places where L-type channels are assumed to exist (see Fig. 4B ). Thus, the input through the L-type channels is spatially heterogeneous.
Boundary b
Along this boundary we have a small influx of calcium from outside, a small flux due to the SL pumps, and a much larger flux due to the NCX. Thus,
Boundary c
This boundary consists of two line segments, each 5 nm long. The line segments begin 0.0292 and 0:095 mm from the left edge in Fig. 4B . This is the boundary that contains the ryanodine receptors which mediate CICR. In reality there are around 25 receptors apposed to about four L-type channels, but here we cluster the receptors into two groups. The open probability of the ryanodine receptors is calculated using the four state model of ryanodine receptor given by Shannon et al. (2004) . The exact behaviour of the ryanodine receptor is one of the most complex current questions in the study of cardiac calcium dynamics. Ultimately we shall use our model to investigate the behaviour of different receptor models, and incorporate stochastic properties of the receptor, but in this initial study we just use a simple model. On this boundary
Boundary d
Boundary d is the boundary between the cytosol and the SR in the non-homogenised model, and thus the flux across this boundary is just the flux through the SERCA pump:
The pump flux (J SERCA , with units of moles per volume per second) in the homogenised model, and the boundary flux (J SERCA , with units of moles per area per second) are related by the ratio of the surface area of the SR to the volume of the cytoplasm in the periodic box used for the homogenisation. Full details are given in Appendix A.
Boundaries e and f
These are the boundaries between the non-homogenised and homogenised versions of the model. On boundary e we have the continuity condition c þ ¼ c À , and the flux continuity condition
Similarly, on boundary f we have the continuity condition c sþ ¼ c sÀ , and the flux continuity condition
Here, c þ and c À are the cytosolic calcium concentrations in the non-homogenised and homogenised models, respectively, on boundary e, and c sþ and c sÀ are the analogous SR calcium concentrations.
Other boundaries
The left hand edge of the plane in Fig. 4B uses the condition of axial symmetry. The flux across all other boundaries is zero.
Parameter values
In any model of this complexity, the issue of how to choose parameter values becomes extremely important.
The parameter values are presented in full detail in Tables  2-7 . Most of these are taken from previous modelling work (particularly by Shannon et al., 2004) and the remainder were determined by requiring physiologically reasonable behaviour. No detailed fitting procedure was followed, and neither has a full sensitivity analysis been performed. The issue of parameter sensitivity is a crucial one, to be explored in more detail in subsequent publications.
The parameters of the NCX (Table 6) were determined by fitting the Markov state model of Fig. 16 to the experimental data of Pogwizd et al. (1999) , in the same way that the model of Weber et al. (2001) determined the parameters of the exchanger by fitting to this same data.
The parameters of the background flux and SL pumps (Tables 4 and 5) were determined by requiring a resting calcium concentration of around 0:07 mmoles per liter cytosol, and by requiring that only around 1% of the calcium flux during a single transient was carried by the SL pump (Bers, 2001) .
The parameters of the SERCA pump (Table 3) were constrained by the Gibbs free energy of hydrolysis of ATP. This condition is explained further in Appendix A.
Typical values (see, for instance, Bers, 2001 ) are used for the remaining parameters (Table 2) .
Results
The model equations, with the non-buffering SERCA pump, were solved where the input (the electrical stimulation given in Fig. 19 ) was pulsed at a frequency of 1 Hz. The results shown give the steady state response to this repetitive input. Fig. 5 shows the calcium concentrations at the points given in Figs. 4 and 6 shows the fluxes involved in the model, integrated over time.
Experimental data shows that the concentration of calcium in the cytosol reaches a peak of around 0:7 mmol=L Cyt, after about 30-100 ms (Bers, 2001 ). (2001) gives experimental results showing the contribution to the decline in calcium of the SERCA pump, NCX and SL calcium pump. In rabbit these contributions are given as 70%, 28% and 2%, respectively. Fig. 6A shows our model results are close to these experimental results.
Bers (2001) gives the total amount of calcium released through the L-type channels as 9:7 mmol=L Cyt and the total amount of calcium released through the RyR as 37 mmol=L Cyt. The volume of cytosol in our halfsarcomere model is 4:48 Â 10 À15 L, so we expect 43:5 Â 10 À15 mmol of calcium to enter through the L-type channels and 165:8 Â 10 À15 mmol to enter through the RyR. Fig. 6B shows that in our model, 43:5 Â 10 À15 mmol of calcium enters through the L-type channels and 89:5 Â 10 À15 mmol enters through the RyR. The L-type flux is in very good agreement with the expected amounts. The gain, which is given by the amount of calcium that enters the cytosol through the RyR, divided by the amount that enters through the L-type channels, is 2.1, which is considerably lower than measured values. Based on the values given by Bers (2001) , the gain should be 3.8. Using the model of the RyR open probability given by Zahradnı´kova´and Zahradnı´k (1996) , instead of that given by Shannon et al. (2004) , we were able to attain a higher gain of 2.8 (results not shown). It is not clear why our model has a smaller
Bidomain ( gain than is measured experimentally; possibly this is due to the simplifications inherent in the model, but it is also possible that a different choice of parameters will increase the gain. However, we were unable to find such a parameter set. At steady state, the model gives a cytosolic calcium concentration of 0:07 mmol=L Cyt, which is in good agreement with the steady state concentrations determined experimentally.
Calcium gradients
The major benefit of our model is that it resolves calcium gradients both inside the diadic cleft, as well as outside the cleft in the cytosol. In Fig. 7A -D we give plots of the calcium concentration along cross sections. The positions of the cross sections are given in Fig. 7E . Plots of the cross sections numbered 5 and 6 in the cytosol and 1, 4, 9 and 10 in the SR are not given, as the calcium concentration along these lines does not vary significantly (i.e., less than 5%). Note that cross sections 1, 3, 4 and 8 are in both the cytosol and SR as they are in the homogenised region.
The results show that, despite its small size, the diadic cleft is not a well mixed compartment. Along cross section 2 from 0 to 0:1 mm (that is, along the radius of the diadic cleft) there is significant change in the calcium concentration, but along cross section 6 there is very little change. This suggests that modelling the cleft as one-dimensional may be a better approximation than as a well mixed compartment. The same is true for the subsarcolemmal space, i.e., the area directly under the plasma membrane, which is often considered a separate compartment in compartmental models (see, for instance, Shannon et al., 2004) . Along cross section 2 there is a significant change in the calcium concentration, but along cross section 5 there is not. Because the subsarcolemmal space is not a physical compartment, the height of the compartment is not fixed 
(10) and may extend to cross sections 3 and 4. As long as the height is chosen to be small there are no significant gradients along these cross sections. The subsarcolemmal space is included as a compartment in compartmental models because it is believed that near the membrane the calcium concentration may be significantly higher than elsewhere in the cytosol, as it is close to the cleft where calcium release occurs. Our results (cross sections 3 and 4) support the idea that the calcium concentration is higher nearer the membrane. The size of the subsarcolemmal space which should be used in a compartmental model depends on the sensitivity to calcium concentration of the membrane channels. Given a limit on the variation in calcium concentration which is considered acceptable, the results from the three-dimensional model can be used to set the depth of the subsarcolemmal compartment.
There are significant calcium gradients in the homogenised region of the cytosol, both vertically and horizontally (along cross sections 1, 3, 4 and 8), and in the homogenised region of the SR (along cross sections 3 and 8). This suggests that the assumptions that the cytosol and SR are well mixed compartments may not be valid. However, since there are no significant spatial gradients in the terminal SR this compartment could be accurately modelled as well-mixed.
A compartmental model
We have reduced the three-dimensional model into a compartmental model to assess the effect of the loss of spatial information. Compartmental models of calcium dynamics in cardiac cells, such as that of Shannon et al. (2004) , typically contain four compartments. These are the cytosol, the SR, the diadic cleft and the subsarcolemmal space. Our model, which is depicted in Fig. 8 , also includes a compartment for the terminal SR, as results from Section 4.1, show that the calcium concentration in the SR near the RyR is significantly lower than that further from the RyR.
The equations governing the calcium concentrations in each compartment, and the buffer concentrations are given by
The calcium concentrations in the cleft, subsarcolemmal space, cytosol, SR and terminal SR are given by c cf , c sub , c cyt , c SR and c term , respectively. The buffer concentrations are labelled analogously. B c gives the buffer concentration in the cytosol and subsarcolemmal space. B SR gives the buffer concentration in the SR and terminal SR. J x=y gives the diffusion from compartment x to compartment y, and is given by
where c x and c y are the calcium concentrations in compartments x and y. The volumes of each compartment are calculated from Fig. 4B , and are given in Table 1 . The terminal SR and subsarcolemmal space are both assumed to end where the homogenised region begins. Note that the SERCA pump flux term between the terminal SR and the subsarcolemmal space has not been included in the model, as it is small and has little effect on the results.
The models giving the fluxes through the L-type channels, SERCA pump, NCX, RyR, SL pump and background flux are all the same as those used in the three-dimensional model. The flux terms from the threedimensional model have been integrated over the area or volume where they occurred, which has resulted in some Using the compartmental model and only varying the parameters governing the diffusion of calcium between compartments (that is, r cleft=sub , r sub=cyt and r SR=term ) we were able to obtain results in good agreement to those from Fig. 5 where the three-dimensional model is used. To perform the fit, we constructed a function which calculates the squared difference between results from the two models, and then used the simplex search method (Matlab's fminsearch function) to minimise the function. The compartmental model results, along with those from the threedimensional model, are shown in Fig. 9 Figs. 10 and 12 changing the input has had little impact on the agreement between the two models. In Fig. 11 the changed input has significantly affected the agreement. In the original fit in Fig. 9 the compartmental model has less total calcium than in the three-dimensional model. Pulsing the input at a higher frequency as in Fig. 11 has amplified the loss of calcium. The parameters in the lower section are those varied when fitting the model to the results in Fig. 5 .
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The performance of the compartmental model is dependent on sensitivity to spatial gradients. If the RyR channel distribution is very different to the L-type channel distribution, as in Fig. 13, then two compartments, adding a sixth compartment to the compartmental model, and refitted the model using the transfer rates from the inner to the outer cleft and from the outer cleft to the subsarcolemmal space as fit parameters. However, we were not able to improve significantly upon the results from when the cleft was modelled as one compartment. The radial calcium gradients in the terminal SR are very shallow, even with the RyR positioned as in Fig. 13 , and so modelling the terminal SR as two compartments does not improve upon the fit to the threedimensional model.
The buffering SERCA pump
In Fig. 14 we show the effect of switching from the nonbuffering to the buffering SERCA pump with the concentration of pump protein kept constant at P c ¼ 52:7 mmol=L Cyt, and then increasing the concentration of pump protein used in the buffering pump to 105:4 mmol=L Cyt. When we increase P c we decrease the pump speed s so that their product remains constant, as explained in SERCA Pump in Appendix A. Note that the SERCA pump flux across boundary d in Fig. 4 is given by the non-buffering SERCA pump as this boundary is small and has little effect on the results. When P c ¼ 52:7 mmol=L Cyt, s ¼ 1, and when P c ¼ 105:4 mmol=L Cyt, s ¼ 0:5. The electrical stimulation is pulsed at 1 Hz and we give the steady state response to this input. Switching from the non-buffering SERCA pump to the buffering SERCA pump has resulted in a large decrease in the amplitude of the calcium transient in the cytosol and SR, as some of the free calcium is now bound to the pump protein. Increasing the concentration of pump protein used in the buffering pump has caused a further decrease in the calcium transient, as the pump is able to buffer more calcium.
If we reduce the turnover rate of the pump (that is, if we further reduce s) and compensate by increasing P c in the same manner as above, then the pump has a greater buffering capacity and the amplitude of the calcium transients is further reduced. Reducing the turnover while keeping P c constant also results in lower amplitude transients in the cytosol and SR. The total flux through the SERCA pumps is reduced, and this results in reduced RyR flux and increased NCX flux. Hence, the decrease in the calcium transient is due to loss of calcium to the cell exterior.
Previously to doing this work, we predicted that using the buffering SERCA pump in place of the non-buffering SERCA pump would reduce the rate at which the SR calcium concentration dropped at the beginning of the transient, because calcium ions would be released from the pump into the SR as the SR emptied. If this were a significant effect it would help prevent depletion of the SR, and increase the overall rate of calcium release from the SR. However, although such an effect certainly exists (computations not shown) we saw no evidence that this was occurring to any significant extent. The difference caused by a buffering calcium pump in the rate of calcium release from the SR is too small to be physiologically significant, even at high pump densities.
Discussion
Using a model that combines both homogenised and non-homogenised regions, we have shown how a model of a calcium microdomain can be coupled to a homogenised model of the cytoplasm. This allows for the incorporation of microdomains into whole-cell models, and detailed investigations of how the dynamics inside a microdomain can affect whole-cell behaviour. To our knowledge, this is the first construction of a joint homogenised/non-homogenised model of a calcium microdomain.
We illustrated our technique with a simple model of a cardiac half-sarcomere in which the diadic cleft is coupled to the rest of the cytoplasm. We chose this example as the diadic cleft is one of the best understood calcium microdomains with a clearly defined role in the overall cellular response. Although our model of the diadic cleft is highly simplified with respect to many of the biophysical mechanisms (such as control of the membrane potential, or diffusion of other ions such as sodium) nevertheless it demonstrates some important features of calcium microdomains. Once we know how to construct unified models that include a calcium microdomain, incorporation of additional biophysical complexity is a relatively simple matter (although, of course, fitting it to data is not!).
In summary, we showed how:
neither the microdomain nor the cytoplasm is wellmixed. Despite its small size, significant gradients exist within the microdomain, and significant gradients also exist in the cytoplasm;
for a given physiological input the unified model can be well approximated by a simpler compartmental model, in which the cell is approximated by a series of connected compartments. By careful selection of the intercompartmental transport coefficients (with no changes to any other model parameters), the average cytoplasmic transient remains almost unchanged; and although the simpler compartmental model can provide an excellent fit to the full 3-dimensional model for a given input, it does not agree well with the full model for a wider variety of inputs.
We conclude that, at least in the present context, compartmental models can be used to model microdomains only with considerable care. Given a careful choice of the intercompartmental transport coefficients the compartmental model can reproduce the behaviour of the full model with considerable accuracy, but can do so only for a given input. If the input is changed (for instance, if the frequency of the input is changed from 1 to 5 Hz) there is no guarantee that the compartmental model will continue to be a close approximation of the full model. Soeller and Cannell (2004) discuss three classes of models of cardiac calcium dynamics. These are common pool models, local control models and integrated local control models. Common pool models, such as that of Snyder et al. (2000) , are characterised by having a single well mixed compartment where calcium from the L-type channels and RyR is released. These models are unable to reproduce both high gain as well as graded release, which are properties of ECC that have been identified by experimentalists (Stern, 2000) . Gain is given by the ratio of RyR flux to L-type channel flux and graded release means that SR calcium release is under tight control by the L-type current, rather than exhibiting all-or-none behaviour as the L-type current is varied.
Local control models (Soeller and Cannell, 1997; Stern, 1992) are based on the idea that rather than the whole cell RyR release being controlled by the whole cell L-type channel current, calcium induced calcium release takes place at individual diadic clefts. The whole cell behaviour is then given by the collective behaviour over many functional release units (FRUs). Integrative local control models contain a large number of FRUs, which collectively should exhibit the calcium dynamics associated with ECC, in particular, high gain and graded release.
A variety of approaches have been taken when constructing integrative local control models. Rice et al. (1999) and Greenstein and Winslow (2002) ignored spatial gradients in the diadic cleft, whereas the model of Stern et al. (1999) incorporated diffusion inside the cleft. Rice et al. modelled the ensemble behaviour with uncoupled FRUs. Greenstein and Winslow coupled FRUs by using average cytosolic calcium metabolism and membrane currents and Stern et al. used the aggregate calcium fluxes produced by the FRUs as input to a lumped-compartment model of global cytosolic and SR calcium dynamics. In all such models, however, the spatial relationship between the FRUs has not been taken into consideration. As a result, the models cannot be used to study the progression from non-regenerative behaviour to calcium wave propagation which results from SR calcium overload (Soeller and Cannell, 2004 ).
Here we model calcium-induced calcium release in a FRU, including the spatial gradients within the diadic cleft. This is coupled to the spatial and temporal dynamics in the rest of the half sarcomere, so that the behaviour in the space between FRUs is also considered. The combination of homogenised and non-homogenised schemes has allowed us to model the structure of the terminal SR and subsarcolemmal space, without needing to model the structure elsewhere. This is useful, as the SR forms a complicated network, the precise geometry of which is unknown and would be difficult to implement in comparison to our homogenised scheme. We have not yet coupled multiple FRUs to model cell wide behaviour. Neither do we take the stochastic nature of each ryanodine receptor into account, and thus our model cannot give graded release by recruitment of release sites. Incorporation of both these features will rely on the construction of simpler models from the one shown here. Once the complete numerical solution is known, simplified models can be constructed with greater confidence that they do indeed incorporate the essential behaviours of the complete model.
Following proposals that there exist micro-domains of calcium inside the cell, many groups began constructing compartmental models of myocytes . Jafri et al. (1998) modelled the intracellular space and the diadic cleft as separate compartments, and Shannon and Bers (2001) added a subsarcolemmal space based on experimental evidence that membrane channels see a higher calcium concentration than that elsewhere in the cytosol. These compartmental models are based on the assumption that there are not significant calcium gradients within each compartment, so they can be treated as well mixed.
Our results indicate that there are significant gradients within the compartments. The diadic cleft contains gradients in the radial direction, but does not have significant gradients longitudinally, so it may be appropriate to model this region in one-dimension. Any longitudinal gradients have a greater effect on the solution than do the radial gradients, since the RyR are separated longitudinally from the L-type channels. In our model the longitudinal calcium gradients in the cleft are small, as most of the RyR calcium release occurs after the L-type channels close, allowing the sharp gradients in the longitudinal direction to collapse. Thus, since the most important spatial gradients are small, the compartmental model agrees well with the full model. The subsarcolemmal space also does not contain significant longitudinal gradients, provided it is narrow enough, but as with the cleft, it does contain significant radial gradients. The SR and cytosol contain significant spatial gradients both longitudinally and radially.
Our model agrees with the experimental evidence that there is a higher calcium concentration near the membrane than elsewhere in the cytosol. The size of the subsarcolemmal space in a compartmental model will depend on the importance of the spatial gradients in the specific problem being investigated. For example, if channels on the SL membrane are highly sensitive to the calcium concentration, then the subsarcolemmal space should be modelled as being narrow.
We have reduced the three-dimensional model of the calcium transients in a half-sarcomere of a cardiac cell, into a compartmental model. We showed that significant calcium gradients occur in all compartments used in our compartmental model, apart from the terminal SR. This suggests that making the assumption that compartments are well mixed may not be a valid approach. However, by modifying only the parameters governing diffusion between compartments, we were able to find a good fit to the results from the three-dimensional model. This shows that despite the fact that spatial variation in calcium concentration is present within compartments, compartmental models are capable of producing results very similar to those from more complex models that take into account this spatial variation.
However, such agreement is not robust to changes in the input. In Fig. 11 we increased the frequency of the L-type channel current, and compared the three-dimensional and compartmental model results using the original fit parameters, and found the agreement between the two models had been significantly reduced. Also, in Fig. 13 we shifted the RyR and L-type channels so they were no longer aligned, and this reduced the agreement between the two models. This shows that care needs to be taken when using compartmental models as their accuracy can be affected when model components are modified.
We determined the parameters governing diffusion between compartments in the compartmental model by fitting to the results of the three-dimensional model. We can estimate these parameters using the formula r x=y ¼ DA=L from Keener and Sneyd (1998) , where D is the diffusion coefficient, A is the area through which diffusion occurs and L is the distance which the substance diffuses across.
These estimated values are r cleft=sub ¼ 4:71 Â 10 À18 L=ms, r sub=cyt ¼ 7:61 Â 10 À16 L=ms and r SR=term ¼ 2:19 Â 10 À19 L=ms. These estimates are smaller than the values found by fitting to the three-dimensional model. This is because the estimates assume that there are no calcium gradients in the compartments. In the threedimensional model there are significant calcium gradients, and these help to drive the diffusion of calcium between compartments. The steep calcium gradients that occur across the cleft to the subsarcolemmal space and across the SR to the terminal SR cause the estimates for r cleft=sub and r SR=term to differ from the fitted values by approximately a factor of ten. The gradients between the subsarcolemmal space and the cytosol are shallower, and so the estimate for r sub=cyt differs from the fitted value by only a factor of approximately two. Peskoff and Langer (1998) developed a model of calcium movement within a half sarcomere, which is also based on a cylindrical geometry, simplified by assuming rotational symmetry. Inside the diadic cleft, they assume calcium is only dependent on the radial coordinate, because diffusion in the radial direction is orders of magnitude slower than diffusion in the longitudinal direction. The cleft is modelled as a small cylinder, located at the top centre of the larger cylinder, which represents the cytosol. The concentration of calcium inside the SR is not modelled. Our model includes spatial information in the longitudinal direction inside the cleft. We have included a compartment inside the half-sarcomere which represents the SR, and have modelled the calcium concentration inside it. Release of calcium from the SR in the model of Peskoff and Langer is fixed, and is given by the amount estimated to achieve near maximum force. In our model, SR calcium release is dependent on the calcium concentrations in the SR and the cleft, as well as the open probability of the receptor. Rice et al. (1999) include stochastic models of the flux through the RyR. This is achieved by assigning transitional probabilities between the states of the RyR model, and running Monte Carlo simulations. This enables the model to reproduce calcium sparks, which are localised releases of calcium from the SR. Inclusion of a stochastic model of the RyR within our model is intended for future work. Bers (2001) shows that at a concentration of 15 mmol=L Cyt, there is, on average, only one free calcium ion inside the diadic cleft. This suggests that rather than modelling calcium in the cleft as a continuous quantity, as we have done, the stochastic behaviour of individual ions should be modelled. Soeller and Cannell have constructed a Monte Carlo model of calcium movement and bindings inside the diadic cleft, along with a stochastic model of the RyR, to study variability in the time course of calcium sparks. Because such computations are extremely timeconsuming, we shall compare the results of our model to the results of the full Monte Carlo simulation to determine how well the discrete reality can be approximated by a continuous model. One possibility is to construct coupled discrete/continuous homogenised/non-homogenised models, in which the calcium concentration in the cleft is modelled discretely, the calcium in the cytosol is modelled continuously, while the homogenised/non-homogenised nature of the present model is retained.
In the past the model of the SERCA pump has frequently been a simple Hill equation (Dupont and Goldbeter, 1993; LeBeau et al., 1999; Schuster et al., 2002) , or the Hill equation with modifications to account for modulation by SR (or ER in non-excitable cells) calcium concentration (Favre et al., 1996; Sneyd et al., 2003) . Higgins et al. (2006) have used a four state model of the SERCA pump, and have investigated the effect of including the buffering effect of the pump, in a compartmental model of a non-excitable cell. When the pump transports calcium ions between the cytosol and the SR/ ER, some of the ions are bound to the pump protein. They are neither in the cytosol or the SR/ER, so are being buffered by the pump. Higgins et al. (2006) found that the buffering SERCA pump slowed calcium oscillations and significantly reduced their amplitude. Here we have included the same buffering SERCA pump in our threedimensional model of a half-sarcomere in a cardiac cell. Again we see that using the buffering SERCA pump in place of the non-buffering SERCA pump, with the same concentration of pump protein, has resulted in a large decrease in the amplitude of the transient. Increasing the concentration of pump protein has resulted in a further decrease. Note that here the oscillation frequency is not affected as it is controlled by the electrical stimulation. Further exploration of a buffering SERCA pump model can be found in Higgins et al. (2006) .
In our model of the NCX, the allosteric effect of calcium is assumed to act instantaneously. To be more accurate, it should contain a kinetic delay. We found that adding a delay to the allosteric factor had almost no effect on the results, because the value of K mCaact used here is small compared to the calcium concentration attained during a transient (computations not shown). We increased K mCaact to 0:2 mmol=L Cyt and then found that adding a delay to the allosteric factor caused the peak in NCX current to be reduced, provided the delay was not small compared to the time to peak of the calcium transient. This is because the NCX were not able to react immediately to the increase in cytosolic calcium concentration. Note that the value of K mCaact used depends on the positioning of the NCX. For example, Hilgemann et al. (1992) use a much higher value, which may be more appropriate if the NCX are located primarily in the diadic cleft, where higher calcium concentrations are attained. concentration of adenosine triphosphate, ½ADP is the concentration of adenosine diphosphate and ½P is the concentration of phosphate. We have used the Gibbs free energy of hydrolysis of ATP to constrain the SERCA pump rate constants, and this results in the expression for k À2 given above. The constraint is given by
where DG 0 ATP is Gibbs free energy for the hydrolysis of ATP, R is the universal gas constant, T is temperature,
À3 kJ=ðmol KÞ and T ¼ 310 K, so the condition becomes
c o is the extracellular calcium concentration and n i and n o are the cytosolic and extracellular sodium concentrations, respectively, which are assumed to be fixed and known.
A conformational change (i.e., a change from the inside to the outside, or vice versa) of the protein requires that a free energy barrier be crossed. Therefore, the rate constants k 3 , k À3 , k 4 and k À4 , are dependent on the membrane potential, V. The dependence is as given in Keener and Sneyd (1998) . k 3 ¼k 3 e 2FV =2RT ; k À3 ¼k À3 e À2FV =2RT , k 4 ¼k 4 e À3FV =2RT ; k À4 ¼k À4 e 3FV =2RT .
F is Faraday's constant, R is the universal gas constant and T is temperature. The membrane potential, V, is given in membrane voltage.
A.5. L-type channel current
This is given as input and is shown in Fig. 17 , which gives the combined flux through all L-type channels. That is, it gives the L-type flux integrated over boundary a in Fig. 4B .
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A.6. Ryanodine receptors
The model of the RyR open probability is based on the gating scheme given by Shannon et al. (2004) shown in Fig. 18 , where
The gating scheme is used to form the following system of equations, which governs the RyR dynamics:
O gives the RyR open probability, and the flux through the RyR is given by J RyR ¼ k RyR Oðc s À cÞ.
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time ( 
A.7. Membrane voltage
The NCX and the background flux both depend on the voltage across the membrane. This is given as a fixed input, which is shown in Fig. 19 . Tables 2-7 give the parameter values used in the model equations and the flux terms. 
A.8. Parameter values
